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Abstract

This work is devoted to study of D-branes and defects in two-dimensional
conformal field theory.

We study D-branes and defects in WZW and gauged WZW models. We
constructed geometrical realization of the non-maximally symmetric
parafermionic D-branes in WZW model. Non-maximally symmetric non-
factorizable D-branes in product of WZW models are found as well.

We construct geometrical realization of the Cardy D-branes, permutation D-
branes and defects in coset models. We find also D-branes in asymmetrically
gauged Nappi-Witten cosmological models and in Guadagnini-Martellini-
Mintchev model.

We studied in detail the symplectic phase spaces of the WZW and gauged WZW
models with defects and established their symplectomorphism with certain
symplectic phase spaces of three-dimensional (double) Chern-Simons theory
with Wilson lines.

We study D-branes also in Gepner model. In particular we study Cardy D-branes
in (2,2,2,2) Gepner model.

We consider topological defects gluing various duality related backgrounds. We
constructed duality defects implementing abelian, non-abelian and fermionic T-
duality transformations and shown that they are given by the Poincare bundle
and its super and non-abelian generalizations. In particular we consider in detail
defects implementing T-duality between SU(2) WZW model and lens space, and
between axially and vectorially gauged WZW models. We found Fourier-Mukai
transform of the Ramond-Ramond fields under non-abelian T-duality generated
by the gauge invariant flux of the non-abelian Poincare bundle.

We constructed also topological defects in the Liouville and Toda field theories.



Timeliness and relevance

The study of two dimensional conformal invariant quantum field theory ?assed
long way. Applications to important problems in the various topics of physics are
so mumerous that conformal field theory became one of the most powerful
technique in modern physics. The first great success was the exact computation
of critical exponents for the second order phase transition in two dimensional
statistical models.

The vast branch of applications of conformal field theory is String theory. String
theory offers the most developed candidate for fundamental theory of quantum
gravity and approach to the unification of known interactions. Conformal field
theories appear as solutions of string equations of motion.

The study of the boundary conditions is very important question in physics.
Realistic systems possess boundaries and hence their full understanding requires
control of boundary conditions. For two dimensional conformal field theories,
study of boundaries was started by John Cardy in sequence of papers, in
particular {1,2]. The presence of powerful infinite dimensional symmetries has
given rise to vast number exact results on boundary critical exponents and
correlation functions.

Boundary conformal field theories are more directly applicable to real physical
systems than conformal field theories on closed surfaces. Many processes in tl.lrlee
space dimensions have rotational symmetry and all the relevant _quantltles
depend on the time and radial coordinates. Thus, quantum field theories on the
half plane appear naturally. Quantum impurity scattering, Kondo effect, is the
most prominent example [3].

In String theory, we need two-dimensional conformal field theories to describe

open strings.

At the low energy limit, p-branes appear as the supergravity solitons, which
describe stable objects whose masses are distributed along p+1—dimensior_ml
hypersurfaces in spacetime. Beyond the low energy regime, the supergravity
needs to be replaced by the full-fledged String theory, and we nced to
understand how to describe branes in the String theory. For the large class of
branes, which became known as D-branes, the answer was given by Polchinski
in [4]: D-branes are objects on which open string can end. The “D” in 1D branes
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stands for the Dirichlet boundary conditions, which constrain the open string
endpoints to stay within the brane world-volume.

The importance of D-branes for the understanding of the String theory, and
perhaps many other branches of the modern theoretical physics, is enormous.
Non-complete list of the applications includes: Brane modelling of gauge theories
[5], Braneworld scenario [6,7], Braneworld cosmology and inflation [8],
counting of states on the black holes by the superstring theory [9], holographic
principle: gravitational description of the quarks, known as the AdS/CFT
correspondence [10].

The boundary conformal field theories can be generalized to consider a situation
in which two (or more) non-trivial conformal field theories are glued together
along a common interface.

Interfaces in two-dimensional theories are oriented lines separating two different
quantum field theories. In this dissertation we consider special class of interfaces,
for which the energy-momentum tensor is continuous across the defect. These
interfaces are called topological defects [11].

During the last years topological defects in two-dimensional quantum field
theories appeared in the various topics. lLet us mention some of them.
Topological defects appear in quantum Hall problem [12], quantum wires
problem [13], in the consideration of impurities [14-16]. Topological defects
played an important role in the topologically twisted N=4 SYM approach to the
geometric Langland program [17]. Defects provide us with examples of 2-
category in physics [18-20]. Defects in the Liouville and Toda field theories
appear as holographic counterpart of the Wilson lines in the AGT
correspondence [21-25]. Defects appear as domain walls in the Ads/CFT
correspondence in the presence of D-branes [26]. Recently they were found to be
useful also in study of the renormgroup flow [27-28].

The topological defects have proved to be very useful in study of the boundary
state transformation. Since the topological defect can be moved to the boundary
without changing the correlator, it can be fused with the boundary producing
new boundary condition. Remembering that in String theory boundary states
correspond to D-branes, one arrives to the conclusion that topological defects
induce D-brane transformation. This property was crucial for example in the
topologically twisted N=4 SYM approach to the Langland problem [17]. On the
other side D-branes are classified by their Ramond-Ramond or K-theory charges.
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Therefore topological defects should induce also transformations in the

cohomology and K-theory groups [29-31].

Aim of the dissertation

1. To study non-maximally symmetric D-branes in the Wess-Zumino-
Witten (WZW) models and product of the WZW models.

To study D-branes and defects in vectorially gauged WZW model.

To construct D-branes in asymmetrically gauged WZW model.

To quantize WZW model with defects.

To quantize gauged WZW model with defects.

To construct topological defects in the Liouville and Toda field
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theories.

7. To find geometrical realization of the Cardy states in (2,2,2,2) Gepner
model.

8. To construct defect implementing various string dualities, namely
abelian T-duality, non-abelian T-duality, fermionic T-duality.

9. To find Fourier-Mukai transform for the non-abelian T-duality.

Novelty of the work
In this work the following new result were obtained:

1. Geometric realizations of the Cardy states, permutation branes and
defects in coset models were obtained. The geometric meaning of the
field identification and selection rules in coset theories was revealed.

2. D-branes corresponding to the non-maximally symmetric Maldacena-
Moore-Seiberg statres were constructed.

3. New non-factorizable non-maximally symmetric D-branes on a
product of WZW models were constructed. It was shown that some of
them provide D-branes in certain asymmetrically gauged WZIW

models.

4. Canonical quantization of WZW and gauged WZW models with D-
branes and defects was performed.

5. Topological defects in the Liouville and Toda field theories were
constructed.

6. Topological defects implementing various T-dualities were constructed.

7. New approach to the calculation of the Ramond-Ramond fields under
the non-abelian T-duality was developed.

8. Geometrical realization some of the Cardy states in the (2,2,2,2) Gepner
model was found.

Practical value

The results of this dissertation can have applications to condensed matter
problems as well as to String theory. As we mentioned before defects have
numerous applications in the condensed matter problems. In particular
topological defects play important role also in the recently much discussed
entropy entanglement problem.

Our results can be useful in study of the String dualities, which played crucial -
role almost in all recent works in String theory. As it is well known dualities can
be used to derive new background from the existing ones. In particular recently
non-abelian T-duality was used to derive new AdS type background. Our
findings concerning defects implementing non-abelian T-duality can be used to
generalize this program to the superisometry non-abelian T-duality.

Main points to defend

1. We have shown that D-branes in coset models are geometrically
realized as a pointwise product of conjugacy classes.

2. We have shown that non-maximally symmetric parafermionic D-
branes have geometry of pointwise product of conjugacy class and a
U(1) subgroup.

3. We have shown that certain diagonal embedding of the parafermionic
branes in a product of WZW models provides D-branes in
asymmetrically gauged WZW models like Nappi-Witten and
Guadagnini-Martellini-Mintchev models.
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We established symplectomorphisms between the phase spaces of the
WZW and gauged WZW models with defects and branes and phase
spaces of the 3D Chemn-Simons or double Chern-Simons theory with
time-like Wilson lines on a manifold having the form of the product of
the certain two-dimensional Riemann surface and the time axis.

We found that defects implementing abelian T-duality, non-abelian T-
duality and fermionic T-duality are given by the various cousins of the
Poincare bundle.

In particular we studied in much detail defects implementing abelian
T-duality between SU(2) WZW model and lens space, and between
axially and vectorially gauged WZW models.

We have shown that the transformation of the Ramond-Ramond fields
under the non-abelian T-duality can be written as the Fourier-Mukai
transform with a kernel given by the flux of the corresponding defect.
We found that topological defects in the Liouville and Toda field
theories are labeled by the physical and (semi-) degenerate primaries

and thus constitute discrete and continuous families.

Approbation of the work

The works on which this dissertation is based on are reported in the following
international conferences:

Workshop Generalized Geometry and T-dualities: May 9-13, 2016,
Simons Center for Geometry and Physics, Stony Brook University,
Stony Brook, NY, USA.

Workshop and School “Selected Topics in Theoretical High Energy
Physics”, 21-25 September 2015, Thilisi.

Conference on Recent Progress in Quantum Field Theory and String
Theory, (smr 2773), 14-19 September 2015, Yerevan.

IX International Symposium on Quantum Theory and Symmetries
(QTS-9), Yerevan, Armenia, July 13-18, 2015.

Second Autumn School on High Energy Physics and Quantum Field
Theory, Yerevan, 6~10 October, 2014.
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Frontiers in field and string theory, Yerevan Physics Institute, Yerevan
22-26, September, 2014.

The International Workshop “Supersymmetry in Integrable Systems”,
Yerevan, 27-30 August, 2012.

The International Workshop “Supersymmetry in Integrable Systems”,
Yerevan, 24-28 August 2010.

Workshop Geomaps Retreat, Spring 2010, University of Aarhus,
Sandbjerg Estate, Denmark.

Workshop CTQM Nielsen Retreat |, 2009, University of Aarhus,
Sandbjerg Estate, Denmark.

and invited seminar talks in

o

v ® N

L.D.Landau Institute for Theoretical Physics, Chernogolovka, Russia,
2016.

University of Rome “Tor Vergata”, Rome, Italy 2014.

Arnold Sommerfeld Center, Ludwig Maximilian University, Munich,
Germany 2014.

The Abdus Salam ICTP, Trieste, Italy 2013.

The Racah Institute of Physics, The Hebrew University of Jerusalem,
Israel 2013.

Tel Aviv University, TelAviv, Israel, 2012,

‘Weizmann Institute of Science, Rehovot, Israel 2012,

King’s College, London, UK, 2008.

Ecole Polytechnique, Paris, France 2003.

and also on numerous seminars of the chair of theoretical physics of
Yerevan State University and division of theoretical physics of Yerevan
Physics Institute.

Publications

The dissertation is based on 20 published works listed at the end.



Length and structure of the dissertation

The dissertation contains an Introduction, 8 chapters, the last chapter
contains conclusions, 5 appendices, list of bibliography with 193 names

and has 289 pages.
Content of the dissertation

The dissertation consists of 8 chapters. In chapter 1 we review the
material necessary to present our findings. In chapters 2-7 we deliver

our findings. The last chapter 8 contains the list of the findings.

In chapter 1 we collect and review the necessary stuff and technique of
two-dimensional conformal field theory. In section 1.1 we review two-
dimensional conformal field theory on closed surfaces. In section 1.2
we collect all the necessary gadgets of conformal field theory on a
world-sheet with a boundary. In section 1.3 we review topological
defects. In section 1.4 we illustrate the developed technique in
important case of free boson theory.

In section 1.5 we introduce Wess-Zumino-Witten (WZW) model and
gauged WZW model (coset models).

In chapter 2 we study non-maximally symmetric branes on WZW
model, preserving only part of the diagonal affine symmetry. n section
2.1 we analyze properties of WZW model on a world-sheet with a
boundary. In section 2.2 we study so called parafermionic D-branes.

In subsection 2.2.1_ we define non-maximally symmetric D-branes,

sometimes called also parafermionic, as pointwise product of the
conjugacy classes and a U(1) subgroup. We construct Lagrangian with
the boundary conditions constraining group field to take on a boundary
values in the parafermionic D-brane world-volume. We  study
symmetries of the action and show that it is invariant under axial
combination of the left and right U(l) currents, and vectorial
combination of the currents belonging to the subgroup commuting
with UQ1) group. In subsection 2.2.2 we study geometry of the
parafermionic D-branes for SU(2) group and show that generically it is
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three-dimensional and given by an inequality constraining the values
of the second Euler angle. [n subsection 2.2.3 we review construction
of the boundary states of the parafermionic D-branes for SU(2) group,
called MMS (Maldacena-Moore-Seiberg) states, given in [32]. Iz
subsection 2.2.4 we compute the overlap of the MMS boundary state
with the graviton wave packet and show that in the semiclassical limit
it gives the inequality derived in subsection 2.2.2. In section 2.3 we
study permutation branes on a K+1-fold product of group G on a world-
sheet with a boundary, with boundary condition constraining product
of group fields to take value again in discrete set of conjugacy classes
defined in 2.1.2. In subsection 2.3.1 we describe geometry of the

permutation branes. In subsecrion 2.3.2 we write the Lagrangian with
these boundary conditions and show that it has symmetries of
permutation branes studied in 1.2.4. In subsection 2.3.3 we compute for
SU(2) group overlap of the permutation boundary states defined in
1.2.4 with the graviton wave packet and show that in the semiclassical
limit they indeed have the geometry described in 2.3.1. In section 2.4
we construct type I non-maximally symmetric non-factorizable branes
on a product of identical groups. [n subsection 2.4.1 we define new
branes as product of permutation branes studied in 2.3 with elements of
an U(1) subgroup. We construct Lagrangian with these boundary
conditions and study their symmetries. [n subsection 2.4.2 we study
geometry of these branes for SU(2) x SU(2) group. In subsection 2:4.3
we construct boundary states of the type I branes for SU(2) x SU(2)
group, compute the overlap with the graviton wave packet and show
that it is in agreement with the calculations in 2.4.2. We also check that
type I boundary states satisfy the Cardy criteria. In section 2.5 we study
type II non-maximally symmetric non-factorizable branes on a product
of identical groups. In subsection 2.5.1 we define new branes as product
of permutation branes studied in 2.3 with elements of two U(1)
subgroups. We construct Lagrangian with these boundary conditions
and study their symmetries. In subsection 2.5.2 we study geometry of
these branes for SU(2) x SU(2) group. In subsection 2.5.3 we construct
boundary states of the type II branes for SU(2) x SU(2) group,
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compute the overlap with the graviton wave packet and show that it is
in agreement with the calculations in 25.2 We also check that type II
boundary states satisfy the Cardy criteria.

In chapter 3 branes and defects in gauged WZW model are constructed.
In section 3.1 we study branes in the vectorially gauged WZW model
G/H. In _subsection 3.1.1 we construct D-branes in the vectorially
gauged WZW model using the representation of the gauged WZW
model Lagrangian via the auxiliary fields reviewed in 1.5.5. and the
action of the WZW model with a boundary presented in 2.1.1.
Analysing global issues mentioned in 2.1.2 we find correspondence of

the found D-branes with the Cardy states of a coset model in the

absence of the common center of G and H. In subsection 3.1.2 we

analyze special case of a coset when G and H have common center. We
show that found D-branes satisfy present in this case field identification
and selection rules for the primary fields of coset models. /n section 3.2
we present the Lagrangian approach to defects in WZW models. /n
section 3.3 we construct Cardy defects and permutation branes in
vectorially gauged WZW model. o subsection 3.3.1, using again the

reoresentation of the gauged WZW model Lagrangian via the auxiliary
fields presented in 1.5.5 and the Lagrangian of the WZW model with
defects reviewed in 3.2., the geometry and action of the topological
defects and permutation branes in GWZW are constructed. We show
that they are in one-to-one correspondence with the primary fields of

coset models. In_subsection 3.3.2 we consider overlap of the

permutation brane boundary state on product of cosets SU@2)(k)/U1) x
SU(2)(k)/U(1) with the graviton wave packet and show that it has the
geometry found in 3.3.1. In section 34 we consider D-branes in
asymmetrically gauged cosmological Nappi-Witten model and in the

Guadagnini-Martellini-Mintchev mode. [n subsection 3.4.1 we present

D-branes in the Nappi-Witten model, construct the action with these
boundary conditions and check gauge invariance. In subsection 3.4.2
we study in detail D-branes in the Nappi-Witten cosmological model
SL(2,R) x SU(2)/U(1) x U(1) and present the explicit equations of the

12

corresponding D-brane hypersurface. [n subsection 3.4.3, in a similar
way D-branes in the Guadagnini-Martellini-Mintchev model are
considered. In_subsection 3,44 we consider in detail D-branes in the
SU(2) x SU(2)/U(1) GMM model. We show that D-branes are classified
according to the Cardy theorem.

In chapter 4 we establish symplectomorphisms between certain phase
spaces of the three-dimensional Chern-Simons and double Chern-
Simons theories and that of WZW and gauged WZW models with
branes and defects. [n section 4.1 we review three-dimensional Chern-
Simons theory with sources on a product of a Riemann surface and a
time line. [n subsection 4.1.1 we elaborate phase space of the Chern-
Simons theory and show that it is given by the moduli space of flat
connections on the Riemann surface punctured at the points where
Wilson line hit it, with the holonomies around punctures belonging to
the set of conjugacy classes considered in 2.1.2. In subsection 4.1.2 we
present details on symplectic forms on moduli space of flat connections
on two-dimensional sphere with Wilson lines and holes. n subsection
4.1.3 we present symplectic forms on moduli space of flat connections
on a Riemann surface of genus g with Wilson lines. /n subsection 4.1.4
we write down the symplectic form of the double Chern-Simons
theory. In section 4.2 we establish symplectpmorphisms between
certain phase space of the Chern-Simons theory and that of WZW

model with branes and defects. In subsection 4.2.1 we compare the

Hilbert space of the Chern-Simons theory with Wilson lines on certain
spaces and that of WZW models with branes and defects and list the
statements which we prove here. In subsection 4.2.2 we review bulk
WZW model and establish that the symplectic phase space of the
WZW model on circle coincide with that of CS theory on annulus [33].
In subsection 4.2.3 we recall that the symplectic phase space of the
WZW model on a strip coincide with that of CS theory on a disc with
two Wilson lines [34]. Im subsection 4.2.4 we establish that the
symplectic phase space of the WZW model with a defect is

symplectomorphic to that of CS theory on an annulus with a Wilson
line. [n subsection 4.2.5 we establish that the symplectic phase space of
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the WZW model on a strip with a defect inserted is symplectomorphic
to that of CS theory ona disc with three Wilson lines. fu subsection
4.2.6 we establish that the symplectic phse space of the WZW model
G x G on a strip with boundary conditions specified by permutation
branes coincide with that of CS on an annulus with two Wilson lines.
In section 4.3 we perform canonical quantization of the vectorially
gauged WZW model G/H with defects and boundaries and establish
symplectomorphisms between their phase spaces and certain phase
spaces of the double Chern-Simons theories. In subsection 4.3.1 we
present short summary of the statements proved in this section. In
subsection 4.3.2 we review bulk gauged WZW model and show that its
phase space on a cylinder coincides with that of double CS theory
[35,36] on product of an annulus and time-line. In subsection 4.3.3 we
show that the phase space of the gauged WZW model on a cylinder
with a defect line coincides with that of double CS theory on a product
of an annulus and time-line with gauge fields of groups G and H
coupled to a Wilson line. In subsection 4.3.4 we show that the phase
space of the gauged WZW model on a strip with a defect line coincides
with that of the double CS theory on a disc times time-line with gauge
field of groups G and H coupled to three Wilson lines. {n section 4.4 we
analyze especially interesting case of the topological coset G/G. fm
subsection 4.4.1 we analyze bulk G/G coset and show that the phase
space of a bulk G/G theory on a cylinder is symplectomorphic to that of
a CS theory on a product of two-torus and time-line. In subsection 4.4.2
we show that the topological coset G/G on a cylinder with a defect line
is isomorphic with that of a CS theory on a product of two-torus and
time-line with two Wilson lines. In subsection 4.4.3 we demonstrate
the symplectomorphism of the phase space of G/G topological coset on
a strip with a defect line and a CS theory on product of two-sphere and
time-line with six Wilson lines. In section 4.5 we analyze a product of
cosets G/H x G/H on a strip with boundary conditions specified by
permutation branes and show that its phase space is symplectomorphic
to the phase space of the double CS theory on an annulus times the
time-line and with G and H gauge fields both coupled to two Wilson

14

lines. [n section 4.6 we establish symplectomorphism of the phase space
of product topological cosets G/G x G/G on a strip with boundary
conditions given by the permutation branes and that of CS theory on a
torus times the time-line with four Wilson lines.

In chapter 5 we study topological defects implementing various
dualities. In section 5.1 we review some basic facts concerning
topological defects and their relation to T-duality. It is established that
the defect implementing bosonic T-duality is given by the Poincare line
bundle. We demonstrated in the simple example of a scalar field
compactified on a circle how the defect equations of motion reproduce
the appropriate duality transformations. In section 5.2 we generalize
this to the factorized T-duality in non-linear sigma models with
isometries. We also present a defect generating a combined action of
the Z(k) orbifolding together with a T-duality transformation. [n
section 5.3 we explain how the T-duality transformation of the
Ramond-Ramond charges can be written as the Fourier-Mukai
transform with the kernel given by the exponent of the gauge invariant
flux on the corresponding topological defect. In section 5.4 we study
T-dualities in the special case of the SU(2) WZW model and a lens
space. Iz subsection 5.4.1 we review [37] kernel of the Fourier-Mukai
transform of the T-duality between SU(2) WZW model and lens space
implementing the map between the corresponding twisted cohomology
group. In subsection 5.4.2 we use the fact that defects (at least in
rational conformal field theories) are uniquely determined y their
action on bulk fields. We construct several families of defects by using
T-duality and orbifolding. In subsection 5.4.3 for one such family we
determine the geometry of the underlying bibranes. We recover
structure familiar from the Fourier-Mukai transform studied in 5.4.1. In
section 5.5 we construct defect between axial and vector gauging of
G/U(1) gauged WZW models for a general group G. For the case of
G=SU(2) the geometrical construction is translated to the algebraic
parafermionic language. In subsection 5.5.1 we present geometry and
flux of the defect gluing axially-vectorially gauged models. In

subsection 5.5.2 we specialize to group SU(2) and show that for level k

15




parafermions there are k+1 topological defects mapping axially gauged
SU(2)/U(1) cosets to the vectorially gauged SU(2)/U(1) coset, labeled by
the integrable spin j=0,...k/2. In subsection 5.5.3 we construct them as
the appropriate operators in the parafermion Hilbert space. We show
that the defect corresponding to j=0 implements Z(k) orbifolding
together with T-duality. These defects project A(j,n) Cardy branes in
SU(2)/U(1) coset to the B(j) branes constructed in [32)]. In section 5.6
we study the defects performing the fermionic T-duality [38]. In
subsection 5.6.1 we review the necessary information on

pseudodifferential gmns integration. [n subsection 5.6.2 we review

the fermionic T-duality. In subsection 5.6.3 we show that the defect

inducing the fermionic T-duality is given by the fermionic
generalization of the Poincare line bundle, which we call Super-
Poincare line bundle. We demonstrate that the defect equations of
motion reproduce the fermionic T-duality transformation rules found
in. In subsection 5.6.4 using the exponent of the gauge invariant flux
on this defect as a kernel of the Fourier-Mukai transform with a
pushforward map given by the fiberwise integration on supermanifold,
we derive the transformation of the Ramond-Ramond fields under the
fermionic T-duality. [n section 5.7 we construct topological defects
producing non-abelian T-duality. In subsection 5.7.1 we review non-
abelian T-duality. In particular we recall the duality relations and
demonstrate general formulas for the case of SU(2) principal chiral
model. In subsection 5.7.2 we present defect performing non-abelian T-
duality and show that the defect equations of motion reproduce the
duality relations derived in subsection 5.7.1. fn subsection 5.7.3 using
the flux of non-abelian T-duality defect derived in subsection 5.7.2 we
derive the Fourier-Mukai transform formula for non-abelian T-duality
and compute the Ramond-Ramond fields transformation for SU(2)
isometry group. We obtain that our results are in agreement with that
of [39,40].

In chapter 6 we study topological defects in the Liouville and Toda field
theories. In section 6.] we write down topological defects in the
Liouville field theory. It is shown that defects are labeled by the
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physical and degenerate primaries of Liouville field theory, and
correspondingly compose discrete and continuous families. We also
have shown that the well known relation [41] between the OPE
structure constants and the fusing matrix with an intermediate entry
set to the vacuum proved for rational conformal field theories, holds
also for the Liouville field theory. In section 6.2 we write down
topological defects in the Toda field theory. We have shown that
topological defects in Toda field theory are labeled by the physical,
semi-degenerate and fully degenerate primaries. In_section 6.3_ we
analyze classical Liouville field theory with defects. In subsection 6.3.1
we review the general solution of the Liouville equations. In
subsection 6.3.2 we present general solution of the defect equations of
motion. In section 6.4 we review the heavy asymptotic semiclassical
limit. In section 6.5 we calculate the defect two-point function in the
heavy asymptotic limit. In_ subsection 6.5.1 we calculate heavy

asymptotic limit of defect two-point functions. In_subsection 6.5.2 we
show that the heavy asymptotic limit of defect two-point function
found in the previous section is given by exponential of the action with
defects evaluated on solution of defect equations of motion with two
singularities.

In chapter 7 we study Cardy states in (2,2,2,2) Gepner model. In section
Z.1 we review necessary background material on the simple current
extensions. In section 7.2 we review Gepner model via simple current
extension formalism. In section 7.3 we write down all the necessary
information on the (2,2,2,2) Gepner model: orbit representatives,
conformal weights. Using the resolved characters we compute the torus
partition function and show that it coincides with the one computed in
the appendix 5 as an orbifold partition function at the SU(2) x SU(2) x
SU(2) x SU(2) point. Using the general formulae of section 7.1 we also
derive the annulus partition functions between the various Cardy
states, paying special attention to the peculiarities caused by the
presence of the fixed points. [n section 7.4 we study D0-branes on the
orbifold T4/Z4. We compute all the annulus [artition functions
between D0-branes located at points in T4/Z4 orbifold that are fully or
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partially fixed points under the orbifold group action. Using previously
derived formulae for the annulus partition functions between Cardy
states of the (2,2,2,2) model we establish a partial dictionary between
Cardy states and DO-branes.

In chapter 8 we presented list of our main findings.

In five appendices some technical points are collected. In appendix 1
double Gamma and Sinus functions are reviewed. In_appendix 2
asymptotic behavior of Gamma function is reviewed. In appendices 3
and 4 some identities on Theta functions are collected. Jn appendix 5
some technical points on calculation of the partition function of T4/Z4
orbifold are delivered.
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Conclusions

Let us briefly summarize our findings.

We constructed geometrical realization of the Cardy states in coset
model. We found geometrical meaning of the field identification
and selection rules for primary fields of coset model.

We found geometrical realization of the parafermionic D-branes
in WZW model.

We constructed non-maximally symmetric non-factorizable D-
branes in product of WZW models.

We have found geometrical realization of permutation branes and
defects in coset models.

We have shown that certain diagonal embedding of the
parafermionic D-branes in product of WZW models provide D-
branes in the Nappi-Witten cosmological model as well as in the
Guadagnini-Martellini-Mintchev model.

We proved symplectomorphism between phase space of the WZW
nodel with boundaries and defects and that of 3D Chern-Simons
theory with Wilson lines on a product of a Riemann surface and
time-line.

We proved symplectomorphism between phase space of the
gauged WZW model with boundaries and defects and that of 3D
double Chern-Simons theory on product of a Riemann surface and
time-line.

We constructed topological defects implementing abelian, non-
abelian and fermionic T-dualities. We have shown that they are
given by the Poincare bundle and its non-abelian and super
generalizations correspondingly.

We studied in detail defects implementing T-duality between
SU(2) WZW model and lens space. We have paid also special
attention to the Fourier-Mukai transform of the twisted
cohomology groups generated by the gauge invariant flux of this
defect.
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10. We studied in detail defects implementing T-duality between
axially and vectorially gauged WZW model.

11. We calculated Fourier-Mukai transform of the Ramond-Ramond
fields under non-abelian T-duality.

12. We have shown that fusion matrix of the Liouville field theory
with the intermediate state set to the vacuum gives rise to the
DQZZ structure constants.

13. We constructed topological defects in the Liouville and Toda field
theories as intertwining operators using Cardy-Lewellen cluster
equation. We have shown that in the Liouville field theory defects
are labeled by the physical and degenerate primaries. We proved
that in Toda field theory topological defects are labeled by the
physical, semi-degenerate and degenerate primaries.

14. We studied Lagrangian of the Liouville theory with defects and
shown its agreement with the operator description in the
semiclassical limit.

15. We found geometrical realization of the Cardy states in (2,2,2,2)
Gepner model, using its equivalence with T4/Z4 ordfold.
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Jsymepasie koxhOpMHEIE TEOPHI IO C sedexraMy i IPaEHIIAMK

Pearome

B oroit pabore MBI M3ydaeMm KOHGOpMHbIE TPaHMYHEE YCTOBHHA u
romoormyecKue AedeKTs B IByMEPHBIX KOHQOPMHEIX TEOPHAX IO/,

M1 msydaem gedexTsr M D-6pansl B CIEAYIOMMX TEOPUAX: MOZETH Becca-
3ymuuo-Burrena (B3B), Kanu6pOBOUHEIE MOJETH Becca-3ymuno-Burrena
(xoceT Mopenu), Teopuu JlMyBuiLs M Toma, momens lemxepa. Taxoke MeI
msyuaem 7AedeKTsl, BHIIONHAIOMHUE CTPYHHEIE ayamsaocTu. Ilepewmcamm
OCHOBHBIE Pe3yIbTaThL.

1.

Ilokazamo, 9YTO  HEMAKCHMAaJIBHO-CHMMETDHYHBIE D-6panmnt B B3B
TEOpHH, 33JaHHEIE COCTOAHHAMH Manpacensi-Mypa-3aitbepra
FeOMeTPHYeCKH OIIMCHIBAIOTCS IOTOYCUHBIM NPOM3BE/ICHUEM KJlacca
conpsxernoctn u U(1l) moprpymimsL. O D-6paHm Taxke HHOTAA
HA3BIBAOT NapadepMMOHHBIMH.

JloKasaHo, TO TIOTOYEYHOE IPOMSBECHHME KJIACCOB COTPMKEHHOCTH
JAeT TeOMETPHYECKylO DEealM3alMIo  COCTOSHMHA Kapau B xocer
TEOPHAX.

TloCTpOEHBL HEMaKCHMMAJIBHO-CUMMETPUIHEIE Hedaxropusyemsre D-
GpaHEI B IPON3BEICHUN B3B mozeneii.

Haiinema TeoMeTpUYecKas peanusanys Aedexros U INepecTaHOBOMHBIX
D-6paH B KOCET TEOPHAX.

[loKa3aHO, YTO AMATOHANLHOE BIOXEeHUe IapadepMUOHHEIX D-6pau B
rpousBefienye TPymn Aaer D-Gparsl B aCCHMETPHTHO Kanu6pOBOYHBIX
B3B reopusax. B wactHOCTH Haligensl D-GpaHbl B MOJENLAX Hammu-
Burrrena u yamansuuEn-Maprenuau-MuHTIeB2.

YcraHOBIEHSL CHMILIEKTOMOP)U3MBL MeXIy baszoBRIMK
npocrparcrBamu Mojenu B3B c zebexraMM C OJHONA CTOPOHSI M
aBOBEIM TIPOCTPAHCBOM TPEXMEPHON kamubpoBoyHO# Teopuu HepHa-
CaiiMOHCa C PYTOK CTOPOHBI C BPeMEHOIIOA0GHBIMY BrIIBCOHOBCKMMH
JTHHEHAMM Ha MHOroOGpasiy, UMeouieM BUZ TTPOM3BEACHIA HEeKOTOpOH
P¥MaHOBOH ITOBEPXHOCTH M BpeMEHHOH OCH.
VYeranopaeHbl CHMILIEKTOMOPGhH3MBI MeXIy
IIPOCTpaHCTBaM¥ KanuGPOBOMHOH MOACIH B3B ¢ medexTamu c ofHOK
cropoHsI ¥ (a3oBHIM IIPOCTPALCBOM TpexmepHoit Apoiiroi (double)
xamubpoBousnoit Teopuu Hepua-CalimMoHCa € ApYroM CTOPOHRI C
BPEMEHOTIOAO6HIMK BILTHCOHOBCKMMH JUHUAME H2 MHOTooGpasuH,
HMeomeM BHJ, TIPOM3BEACHMA HCKOTOPOH PHMAHOBOH ITOBEPXHOCTH U

(a3oBEIMH

BpeMeHHOM OCH.
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10.

11.

12.

13.

14.

15.

IloxazaHo, YTO MaTpMIA CIMAHUA B TEODHH JIMYBHILIA C BaKyyMHBIM
IIPOMEXXyTOUHBIM OdJeMeHTOM mnpomopumonamsra JO033  (DOZZ)
CTPYKTYPHBIM KOHCTaHTaM.

Tocrpoens: fedexrsl B Teopuax Jiuyswuis u Toxa M 1mokasaHO, YTO
OHH MMEIOT Te X€ MHZEKCH, YTO M BBIDOXIEHHbIe, QUIMYeCKHe U
TIOJTy-BHIPOXKAEHHEIE IEPBUIHEIE TIOJIA,

Wsyuen Jiarpamxuan Teopuu JIMyBM/ULL C TPRHHIAMKM M YCTaHOBJIEHO
€ro COOTBECTBME C OIIEPATODHHEIM TOAXOZOM B KBasMIJIACCHYECKOM
Ipefiene.

IlocTpoensr  jedexTe, BHIOIHAKOIMe aleneBy, HeabemeBy H
depmuonnylo T-myamssoctu. IlokasaHo, YTO OHM OIKCHIBAIOTCA
paccioenueM [lyarnkape u ero 06061eHAAME.

B wacTHOCTH MH MOAPOGHO M3YYMIM AedeKTsI, ocymecTBasomue T-
IyamsHocTs Mexay SU(2) B3B Mopensio M DPOCTPAHCTBOM IHUHS. B
meranax wu3ydeHo npeobpasoBaHne Qypre-Myxam, mOpoXAeHHOE
KanuGpOBOYHO MHBAPUAHTHBIM IIOTOKOM STHX JeQeKToB Ha
IIPOCTPAHCTBE KOTOMOJIOTHA.

Taxxe moZpoGHO wusydeHa T-ZyamsHOCTH  MEXJy AaKCHalibHO H
BEKTOPHO Kain6poBouHsIMu B3B Mozenamu.

Ucnonssys pedexrsl, ocyiliecTBIAOIHe HeaGenesy T-myamsHOCTS, MBI
HaIIm HOBBIE  Cmoco6  BHIYMCIEHHA  mpeoBGpasoBaHus
AHTHCUMMETPUYHBIX IIOJeli mpu mnpeoGpazoBanum HeaGemepoir T-
LyaJbHOCTH.

MbI Hamuiy TeOMETPMYECKYIO DPeaJM3al[Mi0 HeKOTOPHIX COCTOSHHH
Kapzu B (2,2,2,2) mozene I'emnepa, ucnonssys ee SKBUBRIEHTHOCTE
T4/Z4 TopompansHOMy opGucdonzmy.
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GpYsurh Ynbdopd qupwh wbumpiikph nEdEnttph b tqpbph
winjuympjudp

Uifthmhod

Uju  wphwnwbpnd  dkbp puunwiwuhpnd - Eip  §nbdnpd  Eqpuyght
yuplwibtpp U phdkyknbbpp Eplywiwth  Ynbdnpd  gupwh
nbunipyniikpnud:

Quunidbwuhpyws — Bo phdhhubbpp U D-ppwbbkpp  hEwnlyjuy
mhuan]nthhand‘ Jhu-Qnuipim-Thuntih (494) Unpbinud,
npuiwsuthmmbt <29 Unphnud (pnubp wkunipmubbpp), Lhowlhth b
@npuh  wbumpoibkpoud, b Qbuyubkph  Ungind:  Uktp  Gwlb
nunmUtwuhpnud Bup nhdblnubkpp, npntp hpwywbwghmyd kb jupughl
nnunjnipntbibpp:

fkbp hhuiwolwb wpyniupbbpp:

1. S8nyg b wpjwd np ny-dwpupduy upubwnphly D-ppwibbpp 429
uUnpkinud, npntp hudwyuunuupnoimyd & Uwiguukiw-Unio-
Quipkpgh Uh&whikphl, bpypusuhnpkl Yuwpon &b thupwendty
npujku hunfwinsnipiub nua puquuuyurnqus U(1) Bapwhnipny:
Ujn D-ppuwitbpp Yngdmd & Epptalh yupudkpuhnwghb:

2. Ugywgmgws £ np hwdwimbsnpjub nuukph wpuwugpup
nurthu & 2wpnhh Jhgwlbph bpypusurhulwl yuanlbpp prukp
ukunipniuubpnd:

3. Yunmglws ki ny-dwpuhiwy updknphy ns-puljinnphqugynn D-
ppwhittp 199 Unnkjutph wpunpyuinud:

4. Guinjws th nhdklunukph b wknuihnlunipmibibph (permutation)
D-ppwikph Epypusuhuub upuwnlEpp pnubip
ubkunipmnibbpnud:

5. 8nyg Lt wpjws np wwpwdkpuhntughtt  D-ppwiihbph
whlninwgdbuyht Wkpypoudp fodpkph wpuunputh dky nwihu k
D-ppwbiukp wuhukuphly wnpuiwsuthwlub 999,
wbunpmibbitpoul: Uwbubwynpurgby, quinjud & D-ppubbkpp
Lwihh-<Lhwntih L 9numguithuh-Uwpphihuh-Uhtpsih
Unnkyukpoud:

6. swununwd b updyinndnpdhqd, U ynnuhg, 994 uUnghih
nEdbunikph wejuynipudp dwquihl tnupwdnipuh b, dmniu
Ynnuhg, npnowhh Eptp suthuifih Qkph-Uwyuntuh
npuiwswhwlwi  nkunipjub  <hjunth gdliph  wnljuynpudp
puquyhl nwpudmpjwh dhel:
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10.

11.

12,

13.

14.

15.

Zmununyus E uhdwkljunndnpdhqd, uh ynnuhg,
upudwsmpulwi 4929 unphih  gbdbiuntbph  wejuymppudp
Puquyht wwpuwsmpui b, dniu Yamihg, npnowyh kpkp suhwbh
ypYiawyh 2knb-Uuyuntuh npudwyuthulub nkunput 9hpunth
gbtph woiwmpyudp puquiphb wupusmpjub dhoh:
Uygugngyuws L np  LThmyh  wnbumpub  dhwdnipdwh
dunphgut, nph dhowilyuy HEdkinbbphg dkhp julnimdughh
Jh&wht b, bolbtwnwulwh t 029 (DOZZ) Ywrmgjwgpuhl
hwununnn ishie

Yupmgyws kb phdkhwbkpp Thmyyh b Bopugh
nbumpnibbpmd b wywugnigdus b, np tpwip quidmd Bu kY-
Uty hudwyunuupwimpyub by dhqhjuljub, wjjwubkpjus b
huwuywutpdus wpwgbuyght pupnbph hkw:

Mupwdbwuhpqus E Lhowdyh  wbumpub Lwqpuiidhwbp’
nEdtynubph welwmpjudp b hwunwnjws B otpw
hudwyuwmnwupwbnipiniip oy bpwinnpwihh Uninkgdwt htwn:
Yupniglws b ghdklnitp hpuljubwgnn wpkjpub, ng-wpkjjub b
dtpuhnbiughtt T-gmumpmipmibbbpp:

Uwubuynpuybu,  dwipodwaboptt - hknwgnujus B
nhpblunubkp hpulwbwging wpbpub T-pniwympmbp  SU2)
999 unphh b nunbuyyulh wupusmpqui dhoh:
Munwbwuhpjwd £ T-gmuymipimiiip wpuhuy m khnnpuljwh
npudwsuthwlut 499 Unybjukph Uhol:

Oquugnpsbind  pEdkhnitkp  hpwhwbwghnng  ny-wphpub  T-
goiunmipmip, dowldws b unp dkpnn Qudnt-Owdnb quownkph
Ahuhnunipyniup hwpyuply bt hudwp:

Oquugnpdbyny (2,2,2,2) Shwukph Unghth Eyyhduikinmpnbn
T4/Z4 opphdninhl, quijwé i npnp Lwpnph  Jh&wlubph
Epypuswhwljui wuwwnlkpibpp:

(
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